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Abstract 



We study the geometrical structure of the coadjoint orbits of an arbi- 
trary complex or real Lie algebra g containing some ideal n. It is shown 
(-H I that any coadjoint orbit in g* is a bundle with the afRne subspace of g* 

as its fibre. This fibre is an isotropic submanifold of the orbit and is de- 
fined only by the coadjoint representations of the Lie algebras g and n on 
the dual space n*. The use of this fact and an application of methods 
of symplectic geometry give a new insight into the structure of coadjoint 
orbits and allow us to generalize results derived earlier in the case when 
g is a split extension using the Abelian ideal n (a semidirect product). As 
VQ ' applications, a new proof of the formula for the index of Lie algebra and 

^^ ' a necessary condition of integrality of a coadjoint orbit are obtained. 

j^ : 1 Introduction 

f— ^ ' A Lie algebra is a semidirect product if it is a split extension using its Abelian 

ideal. The structure of the coadjoint orbits of a semidirect product is well under- 
stood and known due to papers of Rawnsley ^j, Baguis [2_, Panyushev [SlIllIS] 
and others [51 [71 HI IS] • According to [T], the coadjoint orbits of a semidirect 

^\ ' product are classified by the coadjoint orbits of so-called little-groups (reduced- 

groups) which are isotropy subgroups of some representations. In fact, the fibre 
bundles having these coadjoint orbits as fibres, completely characterize the coad- 
joint orbits of the semidirect product. Our paper is devoted to a generalization 
of these results of Rawnsley for arbitrary Lie algebras. While in [T] and [2 for 
calculations the exact multiplication formulas were used, our approach in the 
general case is completely different. 

Let G be a connected Lie group with a normal connected subgroup N and 
let g and n be their Lie algebras. Since n is an ideal of g, the coadjoint action 
of G on g* induces the G-action ■ on n*. Our considerations in the article are 
based on the following two facts: 
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An arbitrary coadjoint orbit O in q* is a bundle with some afSne 
subspace A C O C Q* oi dimension dim A = dim(G • v) — dim(A^ • v) 
as its fibre, where i' — cr\n G n* and a ^ A. The affine subspace (*) 

A is an isotropic submanifold of the orbit O with respect to the 
canonical Kirillov-Kostant-Souriau symplectic structure on O. 

The identity component of the isotropy group N^, — {n £ N : n-iy — ,^^s 
t/} of i^ acts transitively on the affine subspace A C O. 

The fact (**) is equivalent to the so-called "Stages Hypothesis", which is a 
sufficient condition for a general reduction by stages theorem and was formulated 
in the paper of Marsden et al. [10]. In their monograph [11] this hypothesis 
was verified for all split extensions g using the Lie algebra n. Reformulating 
"Stages Hypothesis" in the form (**) we found a short Lie-algebraic proof of 
this hypothesis for all Lie algebras g in our paper [T2]. A slight modification of 
this proof and the using of Rawnsley's approach [T allow us to prove the fact 
(*) in this paper (Theorem [18]) and to generalize results derived earlier in the 
case of semidirect products by Rawnsley [T]. In this direction our aim is to give, 
on one hand, a description of the geometrical structure of the coadjoint orbits in 
terms of fibre bundles having little (reduced) algebra coadjoint orbits as fibres 
(Proposition [T7]). On the other hand, we investigate in detail the structure 
of the isotropy subgroups with respect to the coadjoint representation of the 
Lie algebra q and the little (reduced) algebra (Proposition [26]) and apply this 
to formulate necessary conditions for the integrality of the coadjoint orbit of 
Q (Proposition [27| . Proving the non-sufficiencies of this condition even in the 
semidirect product case, we show that the assertion ■!, Corollary to Prop. 2] is 
not correct (see Remark [50]) . 

The index of a Lie algebra is defined as the codimension in the dual space of 
a coadjoint orbit of the maximal dimension. The description of the geometrical 
structure of the coadjoint orbits mentioned above gives us a new proof of the 
formula for the index of Lie algebra (Theorem [T3] and Corollary [T5]) obtained 
by Panasyuk for arbitrary Lie algebras |13) . Moreover, our approach allows us 
to find the direct connection of this formula with the geometrical structure of 
the coadjoint orbits of the little (reduced) Lie algebra. Remark that the proof 
in [13] is based on the so-called "symplectic reduction by stages" scheme [11] 
and on calculations of the ranks of some Poisson submanifold of g* by the 
construction of the dual pairs of Poisson manifolds. This formula for index is a 
generalization of the well-known Rais' formula for semidirect products [6j. As 
another generalization of the Rais' formula we can mention Panyushev's index 
formula [T^ for some subclass of graded Lie algebras. Remark also that the 
index of representations associated with stabilizers and so-called representations 
with good index behavior was considered by Panyushev and Yakimova in the 
paper [15] . 

Summarizing the results of this article, we mention the following point: 

• the properties (*) and (**) guarantee the existence of some natural linear 
structure on the space of iV^-orbits and, consequently, the interpretation 



of this space as the dual space of some (reduced) Lie algebra, the inter- 
pretation of the orbits in this space as the coadjoint orbits in this dual 
space. 

2 Coadjoint orbits and their afRne subspaces de- 
fined by the ideal 

2.1 Definitions and notation 

Let g be a Lie algebra over the ground field F, where F = R or C, and p : g — >■ 
End(y) be its finite-dimensional representation. Denote by p* : ^ End(y*) 
the dual representation of g. An element w S V* is called g- regular wheneYei its 
isotropy algebra flji) = {C € • P*(C)^ = 0} has minimal dimension. The set of 
all g-regular elements is open and dense in V* . Moreover, this set is Zariski open 
in V* . The non- negative integer dimg^;, where w € V* is g-regular, is called 
the index of the representation p and is denoted by ind(g, V). The index indg 
of the Lie algebra g is the index of its coadjoint representation, or equivalently, 
the dimension of the isotropy algebra of a g-regular element in the dual g* (with 
respect to the coadjoint representation). The set of all g-regular elements in g* 
is denoted by i?(g*). 

For any subspace a C g (resp. V C Q*) denote by a^ C g* (resp. V^) its 
annihilator in g* (resp. in g). It is clear that (a^)^ = a. A subset ^ C g* will 
be called an affine fc-subspace if it is of the form A = (t + V where ct G g* is an 
element and y C g* is a subspace of dimension k. The direct and semi-direct 
products of Lie algebras are denoted by x and k respectively. The direct sums 
of spaces are denoted by +. The identity component of an arbitrary Lie group 
H is denoted by H^. We will write ttj for the j'-homotopy group of a manifold. 
Also we will often use the following well known statement on the topology of 
homogeneous spaces (see [TH Ch.III, §6.6] and [171 Ch.l,§3.4]): 

Lemma 1. For a connected Lie group K and its (not necessary closed) subgroup 
H the following holds: 1) if H is a normal subgroup of K and tti^K) = then 
H = H and tti{H") = 7ri{K/H°) = 0; 2) if H ^ H, tii{K/H) = tt2{K/H) = 
then the Lie subgroup H is connected, i.e. \H/H'^\ — 1, and Tri{K) ~ Tri(H); 3) 
if H ~ H and t:i{K) = then 'Ki{K/H) ~ H/H^. Here H denotes the closure 
of H in K. 

2.2 Coadjoint orbits and their isotropy groups 

Let G be a connected real or complex Lie group with a normal connected sub- 
group N C G (not necessary closed). Denote by g and n the corresponding Lie 
algebras. Since the Lie group iV is a normal subgroup of G, we have 

Ad„ C - ^ e n for all ne N, ^ e g. (1) 



This fact is well known if the subgroup N is closed. To prove ([T]) in our general 
case it is sufficient to remark that the curve n{exp{t(^)n~^ exp(— i^)) is the curve 
in N passing through the identity element. 

Let Ad* : G -^ End(0*) be the coadjoint representation of the Lie group G 
on the dual space g*. Since we shall consider also some subgroups of G, by Ad* 
and adj we shall denote only the operators on the space g*, by Adg and adj the 
operators on the Lie algebra g. Fix some linear functional a € q*. Denote by 
Go- the isotropy group of a (with respect to the coadjoint representation of G) 
and by g^ its Lie algebra. Put Ncr ~ N (iGa and n^ = n n g^r. The subgroup 
Ncr is a closed subgroup in N with the Lie algebra ricr. By the definition, 

fl<T = {^ e g : ((T, [C, g]) = 0} and n^ - {y G n : {a, [y, g]) = 0}. (2) 

Since the subalgebra n is an ideal of g, the adjoint representations of g induce 
the representation p of g in n, the adjoint action Ad : G — > End(g) of G induces 
G-action on n: G x n — > n, {g, y) H> Adg y. For the dual representation p* of g 
in n* we have: 

{plf^, y) = (a^, K, y]), where ^ G g, ^ £ n*, y e n. 

The corresponding G-action on n* is defined by the equation {g-fi, y) = (/^, Adg y). 
The restriction of this action on the subgroup A'^ C G is its coadjoint action. 
Moreover, the canonical projection H^ : g* — ;> n*, /3 i— > /3|n is a G-equi variant 
mapping with respect to these two actions of G on the spaces g* and n* respec- 
tively: 

nf(Ad;/3) = g ■ nf (/3), for ah /3 G g*,g £ G. 

Indeed, for any y G n 

(n?(Ad;/3),y) = (Ad;/3,y) = (/3,Ad,y) = (n?(/3). Ad, y) = (g-n?(/3),2/). (3) 

On the other hand, the canonical homomorphism tt : g — >■ g/n induces the 
canonical linear embedding tt* : (g/n)* —> g*. The following lemma is known. 
We will prove it for completeness and also because the proof will be used to give 
a more general result. 

Lemma 2. The canonical linear embedding tt* : (g/n)* — >■ g* maps each coad- 
joint orbit Ob of the quotient Lie algebra b — g/n onto some coadjoint orbit 
Og of g. This map defines a one-to-one correspondence between the set of all 
coadjoint orbits in (g/n)* and the set of all coadjoint orbits in g* belonging to 
the annihilator n"*" C g* . Moreover, the restriction tt* : 0[, — > Og of the map tt* 
is a symplectic map, i.e. (7r*|C'b)*(a;g) — ut,, where cOg and uj^ are the canonical 
Kirillov-Kostant-Souriau symplectic 2-forms on the coadjoint orbits Og C g* 
and Ob C b* respectively. 

Proof. Since n is an ideal of g, there exists a unique homomorphism Lp of the 
Lie group G into the group of all automorphisms of the Lie algebra b — g/n 
such that tf[g) o TT = TT o Adg, g € G. The connected Lie group Ad(G) is 



the group of inner automorphisms of g. Since each inner derivation of b is 
induced by some inner derivation of g, the image B = ip{G) of G is the Lie 
group of inner automorphisms of the Lie algebra b. Taking into account that 
AdgOTT* = TT* o {(fig))*, n*{b*) = n^ and Ad*(G)(n-L) = n^, we compete the 
proof of the first assertion. 

Choose some element /3' e Ob and put /3 — tt* (/?'). To prove the second 
assertion, remark that the map tt* is linear. Then d{Tr*){/3') = tt* and for any 

C^jyeg 

= (/3',7r(K,ry]))-(adJ /?,,?). 
Thus ((7r*)*Wa)(;3')(ad*(j)/?',ad*(^)/3') = a;g(/3)(ad^ /3, ad;/3) and by definition 

of UJg 

c.,(/3)(ad^*/3,ad;/3) 1^' (/3,K,^]) = W ,[niO,Av)]t) "^^ iOi,i(3')i^l(^)l3' mI^^)(3') 

i.e. (^*|0i,)*K)^^b- n 

Remark 3. As follows from Lemma [2] the set of all coadjoint orbits of the Lie 
algebra g contains the coadjoint orbits of all its quotient algebras. 

For the element cr G m*, consider its restriction ly = cr |n G n*. Denote by 
Gi, and N^, the isotropy groups of the element v with respect to the p*-action, 
by Qi, and rij^ the corresponding Lie algebras. It is clear that n^ = nCi Qu and 
the subgroup A^^ = TV fl Gi/ is a normal subgroup of G^. Remark here, that N^, 
is also the usual isotropy group for coadjoint representation of the Lie group N 
on the dual space n*. 

Since [g,n] C n, by the definition, 

g, = le e g : pI^^ = 0} = {e G g : {i^, K,n]) = 0} = {^ G g : (a, [^,n]) = 0}, (4) 
n^^{yen: {v, [y,n]) = 0} ^ {y e n : {a, [y, n]) = 0}, (5) 

and 

G^ = {g e G : g ■ V = i^} = {g e G : Ad* a\n = a\n = v). (6) 

Note that 

Ad(G,)K)-n, (7) 

because Ad(Gy)(g^) = Qu and Ad(G)(n) — n (by definition ([5]) {v, [ni,,n\) = 0). 
Also by the identity Ad* (G)(n-L) = n^, 

G, = {.9 G G : Ad;(y^,) = X}, where (8) 

A^'^^ (T + n^ = {aeQ* ■.a\n^v}. (9) 

Let 0'^{G) — {Ad* ct, 5 G G} be the coadjoint orbit of the Lie group G in g* 
through the point a and let 0'^{G) — G ■ i^ he the corresponding G-orbit in n*. 
Consider also the orbit O'^(Gy) C ©'^(G) in g* of the Lie group G^. 



Lemma 4. The restriction pi = Il^\0'^{G) of the natural projection Ilf : q* ^ 
n* is a G-equivariant submersion of the coadjoint orbit 0'^{G) onto the orbit 
0''{G). This map Hf : 0''{G) -^ O'^iG) is a bundle with the total space 0''{G), 
the base 0''{G) and the fibre O^iG^). 

To prove the lemma it is sufBcient to remark that 0°'{G) ~ G/Ga, 0'^{G) ^ 
G/G, and 0'^(G.) ~ G,/G,. 

The coadjoint orbit 0''{G) C g* is a symplectic manifold with the symplectic 
Kirillov-Kostant-Souriau 2-form uj: 

aj(cr)(ad| CT, ad* cr) = (cr, [^, ry]), where C>'7G0- (10) 

Here the tangent space TcrO'^{G) is identified, as usual, with the subspace ad* a 
of g*. We will say that a submanifold M C 0"'{G) is an isotropic submanifold of 
the orbit O" {G) if for each point a £ M the tangent space T^M is an isotropic 
subspace of TaO''{G) with respect to the form uj, i.e. uj{a){TaM,TaM) = 0. 

Let us consider two orbits O^iN) and O^iGy) (submanifolds of ^(G)) 
through the point a. It follows immediately from definition (jlOp that the tangent 
space TcrO'^{Gy) — ad*_^ a is an orthogonal complement to the tangent space 
T^CiN) = ad* (T in tJo''{G) with respect to the symplectic form w: 

w(CT)(ad^ cr, ad*, cr) = (cr,[^,n]) =0 ^=^ S, <^ Qu- (H) 

Since the form uj is non-degenerate and the isotropy algebra Qa is a subalgebra 
of g^ (see definition d^])), we have 

dimg — dimgo- = (dimn — dimtTo-) + (dimg,^ — dimg^r). (12) 

This identity can be easily rewritten in the following form 

dim ricr = dimn — (dimg — dim g^), (13) 

i.e. the dimension of the Lie algebra dimrio- depends on its restriction v = a\n 
alone. Moreover, by the commutation relation [g,n] C n, the algebra rio- also 
depends only on this restriction v. 

na =^ {y G n : (a, [j/,g]) ={)] = {y en : {v, [y,g]) = 0}. (14) 

This Lie algebra and the corresponding connected Lie subgroup of N^ will be 
denoted by n^^ and N'^^, respectively. In other words, for each element a e g* 
such that a|n — a\n: 

n, =n, = n,, and TVO = A^^ = TVO^. (15) 

In particular, N^^, is a closed subgroup of the Lie groups N and N^. Moreover, 
this subgroup is the connected component of the closed subgroup N^^ of N^ C 
N , where 

Nyy ^ {n C N : kdl{a) ^ a ioT a\\ a e Ay} ^ P| No,. (16) 



However, we can rewrite identity (J13p in the following form; 

dim n^ — dim ricr ~ dim g — (dim n + dim g,y — dim rii/) . (17) 

The right-hand side of this identity is the codimension of the subspace n + g,y in 
fl because by definition n^ = g^ fl n. The left-hand side of (IT71) is the dimension 
of the subspace ad*_^ ct C g*. But ad*_^ ct is a subspace of (n -t- %v)^ because 
ad*_^ cr(n) = by definition ^ and ad*^ <7(gi,) = by ^. Therefore from ^ 
it follows that 

dim(ny/ncr) = dim(n + g,y)^ and, consequently, ad*^^ cr = (n + g,y)^. (18) 

Remark 5. The subspace ad* cr C g* is the tangent space to the orbit 0'^{N^) = 
0'^{Gi,) n 0"{N) of the Lie group N^, through the point (t G g* and, as we 
shown above, this space is the null space of the restrictions ijj\TcrO'^{G,y) and 

w|r,0"(iv). 

Our interest now centers on the two orbits in q* (through the element 
(j) mentioned above: 0'^{G^) and 0"'{N,y). First of all, we will show that 
0'^{N^) = a -I- (n -I- Qv)'^, i.e. this orbit is an affine subspace of g*. To this 
end, we consider the kernel n^ C n^ of the restriction u\nu, i.e. n\, — ker i^Cin^. 
Remark that n^ — n^ or dim(n,y/n^) = 1. By ^ 

[g,y, n] C ker v and [g^, n,,] C (g^ n n) n ker v = nl, (19) 

so that the subspace nj, is an ideal in q^. Moreover, since h-v = u, Ad;i(n^) = xi„ 
for all h ^ Gi, (see ([7])) and, by the definition, {h ■ v^y) — {v^AAhv) for i/ € n, 
we have 

Mh{nl) = nl for all /i e G^. (20) 

Let N^'^ be the subgroup of iV^ generated by all elements n E N^ such that 
the power (Ad„)™ S Ad(-/V°) for some integer m G Z. This group is a closed 
Lie subgroup of Ni, because it contains the identity component iV° of N^. We 
claim that 

Ad„e-^en^ for alU e g^ and n e 7V^" D iV°. (21) 

Relations (PT|) were established in \TV, §5.2] in the case when the Lie group 
N^ is connected. We will prove (PT|) modifying the method used in [TT]. To 
this end consider the representation n H^ Ad„ \q^ of the Lie group Ni, C G^. 
This representation induces the trivial representation of the identity component 
A^° C iVy in the quotient algebra gj^/nj, because [n^, g^] C n^ (the corresponding 
homomorphism of Lie algebras is trivial). Thus relations ([?!]) hold for all n G 
N°, i.e. {v, Adn C - = for ah such n. 

Since TV^ is a normal (not necessary closed) subgroup of Gi, , we have Ad„ £, — 
^ e n^ for all n € N^, and £, G Qi, (see ([T])). Now to prove (PT|) we will show that 
the mapping 



is a homomorphism of the group N^ into the additive group F. Indeed, for 

711,712 G N^, 

{ly, Ad„,„, C - = {''^ Ad„, (Ad„, e - + (Ad„i ^ - 0) 
= (i.,(Ad„,e-e) + (Ad„,e-0), 

because ni- v = u. Now, if (Adn)™ S Ad(Af°) then 

mxs(«) = Xe(ri'") = {i^, (Ad„)™c - - 0. 



The proof of (|2ip is completed. 

For the element cr G g* denote by t its restriction cr|gi/. Using the pair of 
covectors i^ G n* and t G fl* define the affine subspace Ai,t C -4^ C fl* as 
follows: 

A^T = {a G 0* : a|n = v, ajg^ = t} = cr + (n + 0,.)^. (22) 



It is clear that 



dim^y^ = codim (n + g^) 

= dimg — (dinin + dimg^ — dimn^) 
= dim(G/G^) - dim(iV/iV^) 
= dim(G/iV) - dim(G^/7V^). 



(23) 



We claim that this affine subspace A,^r C g* is invariant with respect to the 
action of the Lie group N^'^ C N^, (containing the identity component N^ of 
N„). Indeed, let a G Ar and n G iV^". Since 7V^" C iV^ = A^ n G^ and 
Ai,T C Au, by dH]) Ad* a|n = i^. To prove that Ad* ajg^ = r remark that 
by (PTJ) for all vectors £_ & q^ we have 

(Ad; a - a, = {a, Ad„ ^ - e («, n^) - (^, n^ - 0, 



I.e. 



Ad;(^^0 C ^^r for all 71 G A^^" D A°. (24) 

As we have shown above, the Lie algebra xia is defined by the restriction a\n — v 
alone, therefore rio- — n^ (see (fT5|) V By definition Na C A"^ and, consequently, 
Af° C Af°. Taking into account ([TS]), we obtain that the Ad*(A^^)-orbit in the 
space AvT through the element a (isomorphic to the quotient space N^lJiNa n 
A^°)) is an open subset of Avt'- 

dim Af"/(Aa n A°) = dim(n^/na) = dim(n,./nCT) = dim(n + g,.)^ = dimXr- 

Since the space A^t is connected, this orbit is the whole space Ayr, i.e. Ad*(Af^) 
acts transitively on A^t Since the affine space Ayr is contractible, by Lemma[l] 
the isotropy group IS! a H N^ is connected, that is, it is equal to A^ (the identity 
component of Na C Ny). Similarly, the group A^" acts transitively on Ayr 
and, consequently, 

Afi7A^o^(A^«"nA^a)/A°. 



Also by Lemma [TJ 

because tti{A^t) = 'T^-ii^vr) = 0. Thus 

A^^r^KlK^N^jN^,^ and A^r ^ N^"" / {N „ n N^^) . (25) 

Since the action of N^ on Avt is transitive and the isotropy group iV° — N°^ 
is the same for ah points a G A,^t, the group N^^ is a normal subgroup of iV°. 
Consider now the isotropy group G^. The algebra g^ is its tangent Lie 
algebra. For the element r — cr|g,y denote by G^i- the isotropy group of t G g* 
with respect to the natural co-adjoint action of Gi, on g*, which we denote by 

Ad . Let 0'^{Gu) C g* be the corresponding Ad -orbit of G^ passing through 
the point t (the union of disjoint coadjoint orbits in g*). Then 0'^{G^) ~ 
GyjGyr- Taking into account that the Ad-action of Gy on ^y is determined by 
the Ad-action of G on g, we obtain that the natural projection 

n0:g*^g:, /? ^^ /3|g,, (26) 

is a G,y-equivariant map with respect to the coadjoint actions Ad* and Ad of 
Gu. Hence 

0^(G.) '= {Ad^T,^ e G.} = nf (0^(G.)) = {(Ad; a)|g.,g e G.} (27) 

and 

G^r = {.g e G : Ad; cr|n = cr|n = v, Ad^ (T|g^ = cr|g^ = r}. (28) 

Since by definition, Ad*(Gi/)(n + g,y)^ = (n + g,y)^, we have 

G,, = {.9eG:Ad;(Ar)=Ar}. (29) 

Therefore by (|24|) the group Gyr contains the identity component N'^ of N^ 
and, moreover, the subgroup A^^" C N^. The Lie algebra g^^- of G^^- contains 
the Lie algebra xiy. Remark also that by definition Ga C G^r and g^r C g,yT- 
Since N'^ C G^^ C G^r, the groups Ad*(G°T-) and Ad*(Gi/7-) act transitively on 
the affine space Avt-, that is 

Gl,l((Ga n GlJ,) ~ C/G, ~ Ar°/iV^ ~ Ar (30) 

and, consequently, 

Gy.r=Nl-Ga-^Ga-Nl and g^^r = n^. -^ g,, . (31) 

In particular, 

dimgi^^ — dimg^ — dimn^ — dimUo-- (32) 

Moreover, applying Lemma [1] to the spaces in ((30|) we obtain that 

Go- n Gy^ = G^, 7ri(Gj,^) = -KxiG^) and Gyr/G^^ ~ G^jG^. (33) 



Also G°^ = N° ■G'l = G^- N°. But the group N,, is a normal subgroup in G^ 
and, consequently, the group N^ is a normal subgroup in G^^ C Gi, . Similarly, 
by the definition the group N^ = N^^^ is a normal subgroup of G^r- Since this 
group is also a normal subgroup in iV", by (|5T|) the group iV^^, is a normal 
subgroup in G^t- 

The group N^ C G^^' is the same group for all r' G 0,^. The sum ^i, = 
[Jr'eA In -^i't' is the union of the orbits of the group iV°, the parallel affine 
subspaces of Au with the associated vector space {n + q^)^ . 

Remark that 0'^{G) is a disjoint union of coadjoint orbits (isomorphic to 
0'^{N) ~ N/N,y) in the dual space n* and the group G acts transitively on the 
set of these orbits. Moreover, by equation (P5)) the dimension of Apr is equal to 
the codimension of the coadjoint orbit 0'^{N) C n* in the G-orbit 0'^{G) C n*. 
The affine space A^t as the orbit 0'^{Nl^) C ^^{G) is an isotropic submanifold 
of the coadjoint orbit 0'^{G) (see relations (TTll) and Remark[5])- We have proved 



Proposition 6. The affine space Aut (|22p is an isotropic submanifold of the 
coadjoint orbit O'' (G) C Q* containing the point a and dim^i,,- = dim C''^(G) — 
dimC''^(Ar). The Lie subgroups Ad*(A^^), Ad*(iV^"), Ad*(GO^) and Ad*(G^^) 
of Ad* (G) preserve the affine subspace A^r C Q* . The actions of these groups 
on AuT are transitive. Moreover, the orbits of the action of Ad*(A^") on the 
affine subspace Au C g* are the parallel affine subspaces with the associated 
vector space (n + Qu) ■ The group N'^^, is a normal subgroup of the Lie groups 
Gut, N^ and topologically N°/N°^ ~ (n + Qu)-^ . 

Definition 7. The affine subspace A^t = f + (n + 0i/)^ contained in the coad- 
joint orbit ©'^(G) C 0* and denoted by A{a, n), wiU be called the isotropic affine 
subspace associated with the ideal n of g. 

Remark 8. By relations ([25]) . ([^5)) and ([5T|) for any a G g* the following con- 
ditions are equivalent: 1) ^(ct, n) — {cr}; 2) dim^(CT, n) — 0; 3) Qu + n ~ g; 
4) Qa = But; 5) Uu C Qa ■ Here, recah, u = a\n and t = cr|g^. 

Remark 9. If N is an affine algebraic Lie group, then its adjoint representation 
N — >■ GL(n), n i— >■ Ad„ |n, is a F-morphism. In this case the affine algebraic 
group Nu always has a finite number of connected (irreducible) components, 
and consequently, 7V^" = iV^ C Gut- Then by ^ Gut = Ga ■ Nu and, 
consequently, Gut/Nu — GajN^. We obtain the exact sequence 

e-^Na^G„^ Gut/Nu -^ e, 

which generalizes Rawnsley's exact sequence [TJ Eq.(l)] in the case of semidirect 
products. 

Remark 10. The dual space n* is a Poisson manifold with the natural linear 
Poisson structure and with the coadjoint orbits as the corresponding symplectic 
leaves. Then the G-orbit ©"(G) as the union of such (isomorphic) leaves is a 
Poisson submanifold of n* . The Poisson structure on C (G) has constant rank 
diniC''^(A^) and by Proposition IH] its corank equals dim ^,^7- — dim(gj^ -I- n)-*". 
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2.3 Reduced-group orbits and index of a Lie algebra 

We continue with the notation of the previous subsections. Here we consider 
the orbit 0'^{G^) C g* in more details. We will show that this orbit is the union 
of disjoint coadjoint orbits of some reduced Lie algebra. 

Indeed, as we remarked above (see (P7)) l, the set O'^iG^) consists of the 
restrictions Ad* (y\Qu, where g £ G,j. But by definition of the Lie group Gi, we 
have Ad* a\n — v for any g £ Gi,, that is, all elements of the orbit vanish on the 
ideal n\ of the Lie algebra g^ (see dH])). Consider the quotient algebra b„ = 
Qv/^v Since the connected subgroup of G^ corresponding to the subalgebra nj, 
is not necessarily closed in G,y, we will describe the coadjoint orbits of hi, in 
terms of the Lie group G,y. 

Let TTv '■ Qv ^ hu be the canonical homomorphism. The dual map tt^* : 
b* ^^ 0* is a linear embedding and identifies the dual space b* naturally with 
the annihilator (nj,)^" C g* of n^ in g*. By Lemma [2] and by relation (|27l) the 
set 

O^ = {(Ad;a)|0.,gGGO}cb:c0: (34) 

is a coadjoint orbit in b* = (nj,)^" passing through the element r e b* C 0*. 

In particular, 0'^{G^) is the union of disjoint coadjoint orbits of the reduced 
Lie algebra b^. This orbit 0'^{G^) will be called a reduced-group orbit. Remark 
here that this group and this orbit are the analog of Rawnsley's the little-group 
and the little- group orbit in the case of semidirect products (see [I])). Our 
term " reduced" is motivated by the reduction by stages procedure of Marsden- 
Misiolek-Ortega-Perlmutter-Ratiu (see [TU] and [H]), where the one-dimensional 
central extension of the quotient group G^/N^ (with the Lie algebra bi,) is a 
natural symmetry group for the second step of the reduction procedure (see also 
Remark EO]) . 

By ((32t we can replace dim Wi, —dim xia in the left hand side of identity pT)) by 
dimg^r — dim go-. Therefore after simple rearrangements we obtain the identity 

dim Q^ = [dim n - dim(g/g^)] + dim(g^^/n^) 

h h ('^'') 

= [dimn - dim(g/g,^)] + [dim(g^T/n^) - dim(n^/n^)], 

where we recall that cr e g* is an arbitrary element and v = a\n and r = cr|gj/. 
Let n e n*. Because /i|np = (i.e. /i g n^) if and only if // G ad* /z, and 
the function ^ ^^ dim(F^ -I- ad* /x) is lower semi-continuous on i?(n*), the set 
i?^(n*) = {^ G R{^*) ■ dim(n^/nj,) = 1} is a Zariski open subset of n*. Put 
6\n) = 1 if this set is not empty, and (5''(n) = otherwise. 

Remark 11. If R\n*) = then /i G ad* /i for all /i G R{n*) and, consequently, 
the each coadjoint orbit of n consisting of n-regular elements with arbitrary its 
element /z contains the set {z^}, where z 7^ if F = C and z > if F = M. This 
follows from the fact that the coadjoint orbits in R{n*) C n* are defined uniquely 
by the integrable vector subbundle fi n> ad* /x, /i G R{n*) (of constant corank 
indn) of the tangent bundle TR{n*). It is clear that R^{n*) ^ {S\n) = 1) if 
the algebra n is semisimple and i?''(n*) — {S\n) = 0) if n is a Frobenius Lie 
algebra, i.e. ind n = 0. 
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Suppose that v\ni, ^ 0, i.c dim(n,y/n5,) = 1. In this case the extension 

^ njxi -^ Q,/xi -> fl,/n, ^ (36) 

is a one-dimensional central extension of the quotient algebra Q^/n^. Let B^ be 
the image of the set Au C Q* under the restriction map 

n^0*^fl:, P^P\q,. (37) 

Put Bo = nf(n^). It is easy to see that B,, C (n,^)^'S where (n^,)-'-' = b*, and 
Bo = (rVi/)^'^. By dimension arguments, dimi?^ = d\m{Q^/n,^), i.e. Bi, is an 
affine subspace of codimension one in b* and therefore 

B, = {fe (n^)^- ■.fK = u\n,} = T + (n,)^- . (38) 

Remark 12. The restriction 112 1^,^ of the linear map IIj is a bundle with the 
total space A,^, the affine space Bi, as its base and the space {g^ + n)-'- C g* as 
its fibre. 

By ([S]) and by Gjy-equi variance of the map 112 ^^'^ space B^ is G,y-invariant 
and is the union of coadjoint orbits of the Lie algebra b^ and q^ simultaneously 
(see expressions (|27l) and (|34l) V Moreover, the union of disjoint Gy-invariant 
affine subspaces XB^, = B\i,, A 7^ of b* is an open dense subset in b*: 

ni( U AA) = IJ \B, = bl\Bo, dimb:-dim(n,)^'^ =1. (39) 

AeF\{0} AeF\{0} 

Thus Bu and each of these affine spaces XBu contain coadjoint orbits of the Lie 
algebra hi, of maximal dimension (as usual for one-dimensional central exten- 
sions). Now as an immediate consequence of identity (I35p we obtain 

Theorem 13. Let q he a Lie algebra over the field F and n he its non-zero ideal. 
Letv be an element of R^(n*) if R\n*) ^ 9 or an element of R{n*) if R\n*) = 
and such that Au n R{g*) ^ 0. Then indg = ind(g, n) + (ind b^ — (5^(11)), where 
bi/ = Siz/rii, ind the ideal n^ — ker(i'|n,y). For any a G g* and t £ g*^ such that 
a\n = V and <7\gv = t the element a is g-regular if and only if the element r is 
bv-regular. 

Remark 14. If i^|n,y ^ then the one-dimensional algebra n^/n^ is a subalgebra 
of the center of fli^/nj,. Fix some element z G n^ such that v{z) = 1 and a 
splitting ker r = s^ -j-nj, of the kernel of r e g* . It is clear that g^ = s^ -j-Fz-j-nJ, 
and for arbitrary ^, rj G g^ the Fz-component of the commutator [^, r/] is the 
vector T{[^,ri])z. In other words, the central extension (|36p is determined by 
the map 0,y x g^ — > F, {^,r]) >->■ (t, [^,r]]) on g^ which factorizes to the cocycle 
7t- on gjy/riy (by ([T9l) [g,/,ni,] C n^ and by definition r|n,y = i^|n^). If i^|n^ = 
then the map (^,77) H> (r, [^,77]) on g^ factorizes to the trivial cocycle 7-r on 
the quotient algebra gu/n^. Note that the cocycle 7,- coincides with the cocycle 
constructed by Panasyuk in [13] using direct calculations and is independent of 
the choice of the extension r of the covector i^jrii/ [131 Lemma 2.1]. 
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The dual space of a Lie algebra is a Poisson manifold with the natural linear 
Poisson structure induced by the commutator [•, •]. The coadjoint orbits in this 
space are the corresponding symplectic leaves of the Poisson structure. Since the 
affine subspace Bi, is the union of the G^-orbits in b* (the symplectic leaves), 
Bi, is a Poisson submanifold of b*. Fixing the origin t € B,j to identify B„ 
with the dual space (Q^/n^)* — (n^)^" (see (|55)) ). we fix some "afRne" Poisson 
structure r/r on (0,^/11^)*. Remark that if the central extension (|36)) of the Lie 
algebra gi^/rii/ is trivial, this Poisson structure is equivalent to the natural linear 
Poisson structure jycan on the dual space to the Lie algebra fly/rii/ (there will be 
a natural origin in B^). If i^jrii/ = then the (trivial) cocycle jr determines the 
trivial one-dimensional central extension of Q^/nu and, consequently, the new 
Poisson structure ry^- ~ T^can on (0y/n,y)*. 

Determine the index ind(gi,/ni,, yyr) of the Poisson structure tJt on {g^/n,^)* 
as the codimension of the symplectic leaf of the maximal dimension in (Qu/^i^)*- 
It is clear that md{Q^/nu,rir) — indb^ — 1 if i^jrii/ ^ because codimSi^ 
in bi, equals 1 and the symplectic leaves are coadjoint orbits of b^. Also 
'md{Q^/n,y,T]r) = indb^ if i/jUy = because in this case bj, = Q^/n^ and 
rjr — ?7can- We obtain the following assertion of Panasyuk [13j Th. 2.7]: 

Corollary 15 (Panasyuk's formula). Let q be a Lie algebra and n be its ideal. 
Then 

indfl = ind(fl,n) + ind(fl,,/n^,77^), 

where v E n* is a generic element. 

Remark that Theorem [T3] defines more precisely the notion of the set of 
"generic elements" . This set is defined in [T3] indirectly as an open dense subset 
in n* on which the function v 1— >■ hid{Q^/n^,r]j) is constant. 

Assume that the ideal n is Abelian and there exists a complementary to n 
subalgebra ? C g, i.e. g = ? -j- n. Then the Lie algebra g is a semi-direct product 
of i and the Abelian ideal n. It is evident that n,y = n for any non-zero u E n* 
and since n^ C g^, the isotropy subalgebra Qu — K + n, where Ji/ — t Ci Qi,. 
But by P^ [6i/,i^S,] C nj,, where nj, = ker;^ and, consequently, the algebra 
bi- = fly/nj, = (?i/ -l-n^)/n^ -i-n,y/n5, is a trivial one-dimensional central extension 
of ti, ~ Qu/n^- Therefore indtjy = indb^ — 1. Note that ind(g,n) — ind(t,n) 
because n is Abelian. Since an element z^ G n* is g-regular if and only if this 
element is t-regular, we obtain the following assertion of Rai's [B]: 

Corollary 16 (Rai's' formula). Let the Lie algebra g be a semi-direct product of 
i and the Abelian ideal n. Let v (^ n* be a i-regular element for which there exists 
a Q-regular element ct £ g* such that a\n = v. Then indg — ind(t,n) -f- indt^. 

2.4 The bundle of reduced-group orbits 

We retain to the general case when n is an arbitrary ideal of g and a is an 
arbitrary element of g*. Any element a 6 g* determines a pair (1^,7^), where 
V — (7\xK and f — (T|gp. Such a pair is denoted by 11^2(0'). By the definition, 
nf2(o'i) = 11^2 (<5'2) if and only if (Ti,(T2 G Aof for some z> G n* and f G gj. In 



13 



this case the elements a\,U2 belong to the same Ad* (G)-orbit O in g* because 
the set Ai,T is an orbit of the Lie subgroup TV? C G. Therefore the Ad*-action 
of G on the coadjoint orbit O induces the action of G on the set '^\^((D). We 
will show that on the set 11^2(0) there exists a structure of a smooth manifold 
such that the map 11^2 1 C* is a G-equivariant submersion. Remark also that for 
arbitrary -tq G g^ there exists some ctq G g* such that n^2('5'o) = (^',t'o) iff 
tq\^v = v\xvij. In this case such an element tq G g^ is called a g^-extension of 
V e n*. 

Let B be the G-orbit in n* with respect to the action p* . Now wc construct 
a bundle of redused-group orbits over the orbit B. This bundle is the bundle 
■p : P ^ B such that the fibre Fp{v) = v~^(p) is an orbit of Go in gj passing 
through some gj-extension of i) e n* and if g belongs to G and f to Fp{y) 
then g.T G Fp{g ■ 0) (a right action) is defined by (g.r,^') = (f, Ad^^'), where 
£.' & QgO- It follows that G acts transitively on P. We prove below that this 
bundle and this action are smooth. 

The bundle of reduced-group orbits may be described in another way. Con- 
sider the (smooth) bundle P^r = Gxq^ {G^/G^t), the bundle associated to the 
principal bundle with base G/G^, total space G and fibre [Gu/G^r)- Here v 
denotes some element of the orbit B and t G Fp{v). Then Fp{v) ~ Gi^/G^r- 
The elements of P,yr are orbits of Gi, (on G x {G,^/G,jr)), where the action 
on the right is given by {g,[h]).h' = {gh',[h' h]) with g G G, h,h' G Gjy 
{[h] = hGuT G GvjGyr). The element (5, [/i]).Gi/ of Pvt^ is identified with the 
point {gh)^^.T in Fp{{gh)~^ ■ v). Defining p by p{{g, [h]).Gu) = {gh)~^ ■ v and 
the right action of G on P by g'.(g, \H!\).Gi, — {g'~^g, [h]).Gi, makes p : P ^ B a, 
smooth bundle of reduced-group orbits over B — 0'^{G). The following propo- 
sition generalizes Proposition 1 from [P. 

Proposition 17. There is a bijection between the set of bundles of reduced- 
group orbits and the set of coadjoint orbits of G on g*. 

Proof. Let p : P ^ i? be a bundle of reduced-group orbits, take i^ E B, t ^ 
Fp{v) and choose some extension ct G g* with cr|n — v E n* and a\Qi, — t G g*. 
If 0°^ is the Ad*(G)-orbit through a in g* then it depends only on p : P ^ B 
but not of the choices made because all extensions of (i^, r) are elements of this 
orbit (see pi)) ). 

Conversely, let O be an Ad*(G)-orbit in g* and a a point of O with cr|n ~ v 
and (j\^i, = r. Construct the bundle of reduced-group over i?, the orbit of v 
in n*, with fibre Fp{i'), the Gjy-orbit of r G g* in g*. This gives a bundle 
depending only on O and not of the choices made. These two constructions are 
the inverses of each other and set up the required bijection. □ 

If we have an orbit C^ = 0'^{G) in g* and the associated bundle p : P -^ B, 
then the following diagram (on the left) of G-equivariant maps is commutative. 
Recall that, by the definition, II^jC''') = (o'ln, o-jgi,) = {i',T) and nf(i7) — a\n. 

GxaAGu/Ga) 

nfa \nf (40) 

G ^Gv yGvlGyT) — ^ GjGy 
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QO 




n^i 


\ nf 


P 


^ B 



As we remarked above, the fibres of Ilf 2 are afRne subspaces of g* whose asso- 
ciated vector space is (n + Qo)'^ (in general there will be no natural origin in 
nfj (i'TT) — Avt)- Thus the fibres of Ilfg are the orbits on O'^ of the groups 
conjugated to G^f . 

The map VlX^ ■ O^iG) -J> F is smooth because the map Hf : O'^(G) ^ B is 
a submersion and the left diagram is commutative. This fact can be established 
also by identifying G-equivariantly the bundle P with P^r = G ^g^ [Gu/G^r)- 
But by the definition, C^ ~ G/Ga and B ~ G/G„. Consider the space G Xg„ 
{G„/Ga), where the action on the right is given by {g, hGa)-h' = {gh' , h'~ hGa) 
with g in G, h, h' in G^- The standard map 

Gxg^ {GJG„) ^ G/G„, [(5, hG„)]G^ ^ ghG, 

is a G-equivariant diffeomorphism with respect to the natural left actions of G. 
Therefore, using this identification, we obtain the following expressions for the 
G-equivariant maps p, Ilf , Ilfj: p{[{g, hG^T)\G„) — ghG^, 

n\{[{g,hG,)]G^ = ghG,, and nl^{\{g,hG„)]G^ = [{g,hG,r)]G.. 

It is clear that the diagram above (on the right) is also commutative and these 
two diagrams are equivalent. Remark also that by Proposition [6] the fibre Aut 
is an isotropic submanifold of the coadjoint orbit O"' (G) . We have proved 

Theorem 18. The map Iljj • C'^(G) -^ P is a G-equivariant submersion of 
the coadjoint orbit O"' onto the bundle P of reduced-group orbits. This map 
is a bundle with the total space C^, the base P and the affine space A^t (the 
isotropic submanifold ofO"{G)) as its fibre. The commutative diagrams (|40p 
are equivalent. 

2.5 Isotropic afRne subspaces of coadjoint orbits 

As follows from Proposition [S] each coadjoint orbit O of the Lie algebra g con- 
tains the isotropic affine subspace associated with its ideal n. We will show 
below that if this affine subspace is trivial then any isotropic affine subspace of 
the corresponding coadjoint orbit in b* C g* determines some isotropic affine 
subspace of O. 

Let C^ = C(G), where cr G g*, be a coadjoint orbit in g*. Consider also 
the coadjoint orbit C^ in g* (|M)) passing through the element t ^ q*^, where 
T — cr\Qu- To simplify the notation, this orbit C^ — ©"^(G^) of the connected 
Lie group G° will be considered as an orbit of the (closed) Lie subgroup G* = 
G[J ■ G^r of Gi,, containing the whole isotropy subgroup G^t- The cr-orbit 
O^iGl) C O^iGy) in g* is also connected because, hy 1^, Gl ^ Gl ■ G^. 
Recall that 03 denotes the natural G,y-equi variant projection g* -^ g* , /3 M> P\qi, 
defined by !^. 

Proposition 19. Let cr G g* be an arbitrary element and v — (7|n, r ~ cr|gj/. 
The restriction p2 = Ii2\0'^ {G') of the projection Hj is a G^-equivariant sub- 
mersion of the orbit O"^ (G^) onto the coadjoint orbit C^ in g*. This map 
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P2 '■ O" (G*) -^ C^ is a bundle with the total space 0'^(G*), the coadjoint or- 
bit C^ as its base and the ajfine space Aut — G^r/Gu as its fibre. Moreover, 
P2(w') = uj\0°'{G'), where uj' and uj are the canonical Kirillov-Kostant-Souriau 
symplectic 2-forms on the coadjoint orbits C^ C 0* and O"^ {G) C 0* respec- 
tively. 

Proof. To prove the first part of the proposition it is sufficient to remark that 

O^Gl) ~ G'JG,, O^ = O^Gl) ~ G'JG^r, A,r ^ G,r/G„ 

and G*/Gcr = G' ^-Gut {GuT/Ga) with the standard right action of G^r- 

By G'-equivariance of the map p2, we have P2*(o')(ad^ a) — ad^r for ^, rj S 
Qij. Then, by the definition, of the form cj', 

(p>')(^)(ad^ a, ad,; a) = lo'{t){^It, SJt) = t(K, ,?]) = a{[t r?]). 

Taking into account the expression (jlOp for lj at the point a and G*-invariance 
of the forms uj and cj', we complete the proof. D 

Remark 20. The proposition above admits the following moment map interpre- 
tation which is motivated by Panasyuk's approach jl3) . Indeed, the identity 
map Jq ■ 0'^{G) — > g*, a i-^ a is an equivariant moment map for Ad*-action 
of G on ©'^(G). Since n is a subalgebra of g, the map Jat = Ilf o Jq of 0'^{G) 
into n*, a i— > a\n is an equivariant moment map for the restricted action of 
TV C G on O-^iG). Then by © the set J^^v) = A^, n O" {G) = O^iG^) is a 
submanifold of 0'^{G). If N^'^ = N,^, then by Proposition [5] the quotient space 
J^^{i')/Ni, ~ n2(C^(G,y)) is a reduced symplectic manifold. This manifold 
is the orbit 0'^{G^) C b* C g*, a union of disjoint coadjoint orbits (connected 
components) in the reduced Lie algebra b* . The reduced symplectic structure on 
0^(Gi/) coincides with the canonical Kirillov-Kostant-Souriau symplectic form 
on each connected component of 0'^{G^). 

Proposition 21. We retain the notation of Provosition [jffl Suppose that the 
coadjoint orbit C^ C g* contains the isotropic affine subspace T(t) passing 
through the point t. If dim A,^t = 0, then the projection p2 '. C^(G[J) — >■ C^ is 
a bijection and the preimage I((t) = p^ (I(t)), X(ct) C O'^ [G^^) C Au, is an 
isotropic affine subspace of the coadjoint orbit O" {G) passing through a (z Q* . 

Proof. It is an immediate consequence of Proposition [12] that the map p2 is a 
bijection and I{cr) = p^ (2^(''') is an isotropic submanifold of the coadjoint orbit 
0'^{G). Let us show that the set I{a) is an affine subspace of g*. 

Since X{t) is an affine subspace of g*, this space contains any line r -|- 
to, where a G g* is a non-zero tangent vector to I(t) at r. There exists a 
unique tangent vector a' G T„0'^{G^) such that p2*{cr){a') — a because p2 is 
a bijection. Moreover, a' G n^ because 0'^{G^) C .4^ and a = 112(0') because 
P2 is a restriction of the linear map 112 pG)) . 
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Since X(t) C C^, for any t G F there exists g G G[J such that t + to = Ad„T. 
Now to complete the proof it is sufficient to show that the point a' = Ad* icr + 
iAd* la' coincides with a. Indeed, by Gjy-equi variance of the hnear map Ilf 

nf(cr') = n^(Ad;-icr + iAd;-ia') = Ad*-ir + iAd*-ia = r. 

But a' G Au because Kd*{Gi,){Au) = Ay and a + ta' G A^. Therefore a' 
belongs to the one-point set Aut = {c}. D 

Proposition 22. We retain the notation of Proposition \19[ Suppose that 
diniAi,T = and the quotient algebra b^ = fliy/nj,, n\ = ker(i/|ny) is Abelian. 
Then 

1) 0"{G) ^ O^iN) and O^iG) = O^iN), where 0''{G) and O^iN) are the 
coadjoint orbits of the Lie algebras Q and n respectively; 

2) the projection pi : 0'^{G) -^ 0'^{N), a' h- > cr'|n, is a syniplectic G- 
equivariant covering map with the discrete fiber ~ N^/Nc and Qa — g^, 
n<T = n^; 

3) if Ny — N^^^ , then pi is a diffeomorphism, and, in particular, G^, — G^, 

Proof. Since A^ is a normal subgroup of G, the G-orbit 0^{G) is a disjoint union 
of isomorphic A^-orbits. These A^-orbits are open subsets because dimC''^(G) — 
dimO'^(A^) = AimA^r = 0. Then O^iG) = O^iN) because G is connected. 

By Proposition [T9l dim 0''(G„) = dimC'"'(G^) because A^r = W}. Since 
each connected component of ©"^(G^) is a coadjoint orbit of the Lie algebra 
bi/ which is Abelian, dim0'^(G,y) = 0. Thus by Lemma |4] the G-equivariant 
map pi : ^(G) -^ O^iG) is a bundle with the discrete fibre O^iG^). Taking 
into account the identity 0'^{G) = 0'^{N) and the A^-equivariance of the local 
diffeomorphism pi we obtain that T^O^iG) = T^C^N), i.e. the orbit O^iN) 
is an open subset of 0'^{G). Using the same arguments as above, we obtain 
that O^iG) = 0'^{N). Since ©""(G) ~ N/N^ and 0^(G) ~ N/N^, the fiber 
O'^iG^) ~ N^/N^. Since dimO'^(G) = dimO''(G), dimg,, = dimg^. Thus 
9a = Qp because q^ C fl^. 

The local diffeomorphism pi is symplectic with respect to the canonical sym- 

plectic structures on the both coadjoint orbits. To prove this fact it is sufficient 

— '* 
to observe that TcrC(G) — ad* cr, pi,(cr)(ad^ a) — a.A^v and cr([^,77]) — v{[£^,rj\) 

for any ^, 77 G n (by A^-equivariance of pi), and to use definition (fTO|) of the 
canonical symplectic form. 

If N^ = A^i^", then by Proposition [6] the group Ad*(A^i.) preserves the one- 
point set Aur = {c} and, consequently, N^, = N^,- Hence pi is a diffeomorphism. 

D 
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2.6 Coadjoint orbits in general position 

In the previous subsection we considered arbitrary coadjoint orbits of g. Now 
we consider the structure of the orbits in general position. To this end put 

co(0, n) = indn — ind(g,n). (41) 

Taking into account that dim O'' (G) -dim ©''(iV) = codimn* 0''{N)~codim„. ©"(G) 
for any i^ S n*, we can interpret the number co(0,n) as a "complexity" of the 
action of iV C G on homogeneous spaces of G in general position. Then by (|23p 

co(0, n) =dim(n + g,y)^ =dim^(CT, n) (42) 

for all ly from some dense subset of n* containing the non-empty Zariski open 
set of all g-regular and n-regular points of n*. Here a G Ai, — (nf)^^{i') and 
A{a, n) = cr + dim(n + gi/)^ is the isotropic affinc subspace of the coadjoint orbit 
O" c g*. 

The case when co(g, n) = we consider in more detail. 

Lemma 23. Suppose thatco{Q,n) — 0. Let i/ e n* be any n-regular point. Then 

1) i> £ n* is a Q-regular point; 

2) CiG) = O^iN) or, equivalently, g^ + n = g; 

3) if Aiy n R{g*) ^ and the quotient algebra by = gi//n^ is Abelian then for 
each n-regular point vi £ n* (i) the algebra hy-^ — gi^j/nj,^ is Abelian; (ii) 
Ay^ C i?(g*); (iii) Qa^ = Qui, where ai G Au^; (iv) the Lie algebra Q^i is 
Abelian; (v) there exists an Abelian Lie algebra a C Q^^ such that the Lie 
algebra q is a semidirect product of a and the ideal n, i.e. g = a ix n. 

Proof Since co(g, n) = 0, dimO'"o(G) = dimCo(iV) for some point vq e R{n*) 
which is g-regular. Hence gi^o + n = g. But for each vi e R{n*) the isotropy 
algebra n^^ = gj^i n n has constant dimension indn and dimg,yj ^ dimg^^Q. 
Therefore Qui + ^ = Q, i-e. dimgj.^ = dim. Quq. In particular, Qu + n = q. 

If the quotient algebra bu = Qu/^u i^ Abelian then the coadjoint orbit C^ is 
a one-point set {r}, i.e. Qut — Qu- Since ^^ni?(g*) ^ 0, there exists a g-regular 
element a £ q* such that its restriction a\n — v. But by Remark [51 Qur ~ Qa 
and QuiTi = Qan where ci G Aui and ti = (Ti|gi/i. Hence 

dimgcri = dimg^^^^ ^ dimg^^ == dimg^ = dimg^,^ == dimg^ = indg 

because Quin C Qui- But by definition dimgo-i ^ indg. Therefore q„^ — Qui and 
Aui C R{q*) (all these points are g-regular). The Lie algebra g^i is Abelian 
as an isotropy algebra of a g-regular element of the coadjoint representation 
(one can prove this fact differentiating the identity {at , [Qat i Qa-t ] ) = using 
definition ([2|) of g^J. Hence the algebra Qui — Qai is Abelian. Since gj,^ +n = g, 
there exists a subspace a C Qui for which g = a + n. This subspace is an Abelian 
subalgebra of g. D 
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2.7 Integral orbits: a necessary but non sufficient condi- 
tion 

In this subsection we will use the notation of the previous subsections, but 
suppose in addition that the ground field F is the field M of real numbers. 

First of all we will give an exposition of some results of Kostant [TSl §§5.6, 
5.7, Theorem 5.7.1] on the geometry of coadjoint orbits. 

Let H he a connected Lie group with the Lie algebra f). Fix some covector 
(p ei)* and consider the coadjoint orbit C^ ^ 0'^{H) ~ H/H^ in [)*. We wiU 
say that the coadjoint orbit O"^ in the dual space ()* is integral if its canonical 
symplectic form is integral, i.e. this form determines an integral cohomology 
class in H^{0'^,Z) C H^{O^M). 

Denote by iJ' the set (possibly empty) of all characters x ■ H^ — )■ §^ C C 
such that dx{e) = 2-Ki ■ (^|f)^, where ^^ is the Lie algebra of the isotropy group 
H^p. For such a character x G ^L 

x(exp^) = exp(27ri-((^,0) for aU ^ e f)^. (43) 

Since the identity component H*^ of H^p is generated by its neighborhood of the 
unity, the restriction x\H';^ is defined uniquely by equation ((43]). Therefore if 
Hfp is not empty i?^ is a -k*^ ,^^0 -principal homogeneous space, where tt^ ;^o 
is the group of S-'^-valued characters of the quotient group H^/H^. In this case 

\H\^\iTjj^/Hojm- 

Let H be the connected simply connected Lie group with the Lie algebra 
f), the universal covering group of the connected Lie group fl^and p : H ^f H 
be the corresponding covering homomorphism. Then O"^ = H /H^, where H^p 
is the isotropy group of the element (p G i)* . By definition H^ — p^^{Hp) and 
H,^ ~ H^/D, where D is the kernel of the restricted homomorphism p\H^. The 
following Kostant 's theorem [THl Theorem 5.7.1] is crucial for the forthcoming 
considerations. 

Theorem 24 (B. Kostant). The orbit O"^ in ()* is integral if and only if the 
character set H^ is not empty. 

Remark that one can not formulate the integrality condition for the orbit 
O"^ only in terms of the connected Lie group H^ (defining this orbit) because 
as it will be shown below (see Example [25t in the general case the characters 
X G Ht are not constant on the closed discrete subgroup D of the center of Htp. 
In other words, it is possible that H^ = while H^ ^ 0. 

Example 25. Consider the connected Lie group H = SO{3) and its universal 
covering group H = SU{2) with the Lie algebra () = su{2). Using the invariant 
scalar product {(pi, Lp-i) — —-^ Tr 1^911^92 on [} we can identify the spaces \) and f)*. 
It is evident that for ip = diag(z6, —ih) G su(2) with 6 G M the isotropy group 
H^ = {diag(e", e~"), a G R} and the isotropy algebra t)^ = {diag(ia, — m), a g 
R}. In particular, H^p contains the element —E = diag(— 1,— 1) G SU{2) of 
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the kernel of the covering homomorphism p : SU{2) — > SO{3). Under our 
identification of f) with f)* the map ([43]) x ■ exp(f)^) -^ §\ diag(e'°, e~'°) H> 
g27riafa^ is well defined if and only if 2nb G Z. Since the group H^ is connected, 
by Theorem[211 the orbit C^ is integral if and only if the number 27Tb is integer. 
For such a covector Lp the set H^ contains a unique element, the character x. 
But if the number 27Tb is odd then x{—E) = — 1. For such a covector (p the set 
H^ is empty while H^ ^ 0. Indeed, in the opposite case for x G H^ we have 
by definition that x°P ^ H^. Therefore x°P — X- But (x op)[—E) = 1 while 
x{—E) = — 1, the contradiction. 

The character x\H!1, x G H^ on i/^ admits another interpretation in terms 
of differential forms. Choose a contractible neighborhood U C H^ of the unity 
for which all intersections U fl hU, h € H^ are also (smoothly) contractible (one 
uses, for instance, a convex set relative to any invariant Riemannian structure on 
iJ°). The left iJ°-invariant one-form O^p with 6^{e) = (p\i)^ on the Lie group H° 
is closed because, by the definition ([2]) of an isotropy algebra, ¥?([f)i^, f),^]) = 0. 
Therefore a character on HJl determined by (|43| exists if and only if the one- 
form 9ip is integral, i.e. 9^ E H^{H^,'Z). In this case there exists a family of 
local functions {fh : hU — s> M, /i G H^} such that dfh = dip on the open subset 
hU and fh, - fh2 ^'^ if hiU n h2U ^ 0, /ii,/i2 G H^. By iJ^-invariance of 
the form 9^ the family {fh] determines the character on H^ if /e(e) — 0. Then 
x\hU — exp(27ri/h) and 

fh - {ll-ife + (l/27ri)lnx(/i)) G Z on hU, where Z,,-i(/i') = h-'^h' . (44) 

In this case we will say that the character x\H'^ is associated with the (integer) 
form 6,^. 

Proposition 26. Let a be an arbitrary element of q* , v = a\n and t = a\^i,. 
There is a bijection between the sets GJ,^ and G^,, where G\,^ denotes the set of 
all characters x ■ G^t ^- S"'^ C C such that dx{e) = 27Ti ■ t\Qv. This bijection is 
induced by the restriction map x ^~^ x\C'a- 

Proof. Note that t = (j\Qv and G^ G G^t- But q„ C Qut, thus t\q„ = f Ifltr and 
by the definition for any x £ G'^vt ^^ have x\G(t G G|.. Therefore, in order to 
prove the proposition it is sufficient to show that each character ip G GJ,. admits 
an extension to some character x G G\,^. This extension is unique because 
by (|55|) the groups GyrlG%^ and G^jG^^ are isomorphic and, in particular. 

Consider now a character -0 G G^. Since G" is a closed subgroup of G"^, 
we can choose a contractible neighborhood I] C G^^ of the unity such that all 
intersections UDhU, h G G^, are also contractible and, in addition, UDhU ^ 
if and only if t/ n hU D G^ ^ (there exists a local cross section S C G^^ such 
that the map {s,g) i->- sg, 5 x G° -> SG^ C G^^ is a diffcomorphism) . Let 
9r be a G°.,.-invariant one-form on the Lie group G^^ such that 9r{e) = t\q^t- 
Since the form 9^ is closed, there exists a function /e : C/ — > M such that 
dfe = 9r\U, /e(e) = 0. Put fh = II- Je + (l/2^i) In 0(/i) for aU h E Gl\ {e}. 
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Then dfh = Or\hU because the one-form 9t is G° -invariant. Thus the difference 
fhi — fh2 on the set hiU fl h2U 7^ is a real constant. 

On the other hand, the co- vector (T\g„ determines the left Gj^-invariant one- 
form ^CT on the group G°. By the definition, 9a- coincides with the restriction 
0T-|G° and iplG^ is the character associated with this form 9^ G iJ"'^(G°,Z). 
Therefore from (H^ it follows that the difference fh^ — fh2 is an integer constant 
on some nonempty subset hiU n h2U n G° and, consequently, on the whole 
open set hiU n h2U. In other words, the function Xe ■ G^ ■ U ^ Ei^ given by 
Xe\hU = exp{27Tiffi) is a well defined extension of the function ip\Gl onto the 
open set G'^-U dG°. 

Put U = G^ • U. Considering the family of functions {l*-ifh} (for which 
d{l*ifh) — dAghU), we obtain that l*iXe = -^Xe on 5U n U ^ 0, where s 
is some constant factor from S^. But by pOI) and ([55]) the space G^^/G'^^ — 
AuT is contactable. Therefore there exists a character x° on G^^ which is an 
extension of V'lG^ and which is associated with the one- form Or- Moreover, 
X°(5ff.9^^) — X°(.9) for any (fixed) g e G^r and for all g e G°^. Indeed, putting 
-^"(.9) = y^{999^^) and Ug : g ^^ 999 "^ on G°^, we obtain that 

^ ^ = ^ *('^\^ *e ^9 ^— (^ 

27ri F 2TTi "'^\x° J "^ ^ ^ 27ri V X° 

because by (^5)1 (r, Adg^) = (cr, Adg^) = (t, ^) for all £_ E Q^r C Q,y. Since 
F(e) = x°(e), we have F = x°- 

Taking into account that G„t = Ga ■ G^^, G°^ n G^ = G° (see (01])) and 
ip = x°|G° we obtain that the map x '■ Gut -> §^, xC^ff) = '4'{h)x^{9)i where 
h £ Go- and g € G^^, is well defined. This map determines a character on G^t 
because x^{hgh^^) — x°(5) for all h E Ga C G^t and g £ G°^. Finally, x 
belongs to the set Gj,^ because xlG"^ ~ x'^- CH 

Remark that Proposition [26] generalizes Rawnley's Proposition 2 from [1]. 

Proposition 27. Lef cr £ g* and v = a\n. An integrality of the coadjoint 
orbit C^ C 0* is a necessary condition for an integrality of the coadjoint orbit 
O'^ C 0*. In general, this condition is not sufficient for an integrality of O" . 

Proof. If the form a; on O'^ = 0"'{G) is integral, then its restriction uj\0"'{Gl) to 
the submanifold 0'^{G*) C 0'^{G) is also integral. Since by Proposition [T9l the 
map P2 ■ O'^iG^) — >■ O'^ is a locally trivial fibering with a contractible fibre, the 
affine space A^t, the map pj ■ A^(0'^) — > A^(C''^(G*)) induces an isomorphism 
ij2(0^,Z) ^i?2^0'^(G'),Z). Since by Proposition[llp5(w') =w|0'^(G'), the 
canonical symplectic form lj' on O'^ is integral and we obtain the first assertion 
of the proposition. 

Remark also that the first assertion of the proposition follows also from 
Proposition 1261 Indeed, we can assume without restricting the generality that 
G is a connected and simply connected Lie group with the Lie algebra g. By 
Theorem [Ml the character set G^ is not empty. By Proposition [^S] G^,^ ^ 0. 
Let GJJ be the universal covering group of the connected group G" (with the 
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Lie algebra Q,y). By Theorem [Ml the coadjoint orbit O'^ is integral if and only 
if (G'°)5. 7^ 0. However, the covering homomorphism G^ -^ G° induces the 
homomorphjsm (GO)^ -^ {Gl)r and, consequently, {gI)^ 7^ if {G^i ^ 0. 
Therefore (G°)5- 7^ 0, because Gj,^ / and (G°)r is an open subgroup of G^r- 
The second assertion of the proposition will be proven in the next subsection 
showing that the converse is not necessarily true. More precisely, we will con- 
struct the Lie algebra g which is a semi-direct product of some Lie subalgebra 
t C and the Abelian ideal n and choose two coadjoint orbits C^ c g* and 
O'^ C Q* which are not integral simultaneously while r = a\g^. D 

Remark 28. All connected components of the reduced-group orbit 0'^{Gv) are 
coadjoint orbits of the Lie algebras Qy and b^ (under the identification of b* 
with (n^)-'-'^ C g*, see (|M|) and Lemma [21). These orbits are simultaneously 
either integral or non-integral. 

2.8 Split extensions using Abelian algebras (semidirect 
products) 

In this subsection we will finish the proof of Proposition [^71 To this end we 
construct a connected and simply connected Lie group G and construct some 
coadjoint orbit 0'^{G) in g* such that the set (G^)5- is empty while the coadjoint 
orbit O^ = O^iGl) is integral. Then by Proposition [2l| the set (G^)» is also 
empty, i.e. the orbit 0'^{G) is not integral. 

Let i^ be a connected and simply connected Lie group with the Lie algebra 
t, and for k in K and / in the dual i* of J, let Ad^ / denote the coadjoint action 
of fc on /. If (5 is a representation of X on a real, finite-dimensional space V, let 
d6 be the corresponding tangent representation of t. 

We can form the semi-direct product G — K xsV using the representation 
6 and identifying V with its group of translations. Then the Lie group G can 
be taken as K xV with multiplication (fci,fi)(A:2,f2) = (fcifejWi + ki ■ V2) for 
kj G K, Vj e V and the algebra g — i t<ds V oi G can be taken as t -j- V^ with 
the Lie bracket 

[(Ci,yi),(C2,y2)] = ([Ci,C2],Ci -2/2 -C2 -yi) 

for Q in t and tjj in V. Here kj ■ Vj — 5{kj){vj) and Q • yj = dS{Cj){yj). Since 
{k,v)~^ — (fc^^, —k~^ ■ v), the adjoint action of G on g is given by 

Ad(fe,,) (C, y) = (Adfe C, fc ■ 2/ - (Ad, O-v). (45) 

The dual g* of g can be identified with {* x V* and the coadjoint action of G 
on g* is given by 

{Ad*^k.,v){f\ ^'). (C, y)) = (Ad^. /', C) - (^', (Adfc C) • ^') + (fc* ■ ^', y), (46) 

where /' is in I* and v' in V*\ also, by the definition, (fc* -v' ,y) — {v' ,k-y). Note 
that all above formulas for semidirect products are standard up to notation (see 
for example, [U §2] or [21 §2]). 
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The subgroup N — {{e,v) E G,v e V} is a normal commutative subgroup 
of G with the Lie algebra n = {{0,y),y e V}. The Ad-action (gS]) of G on n 
induces the action of G on n*: (fc, v) ■ v — k* ■ v. Therefore for v € n* = V* 

G,^{ik,v)eKKsV, k*-iy^iy} and fl. = {(C,2/) e « k^^ 1/, C ' ^ - 0}, 

that is G„ = K^ i<sV and g^ = t^ <XdsV, where K„ is the isotropy group of 
V eV* with Lie algebra {^ = {C G ^ : C* • ^ = 0}. It is easy to verify using (|46|) 
that Gy is the stabilizer of the affine subspace Ai, = {(/, i^), / S t*}. 

Putting a — (/, I') and t = crjgi,, we obtain that r = ((^, v), where ip — ]\ty. 
By definition (P5|. the Lie group 

G.. = {(fc,«) e i^. X, l^ : (Ad^fc,„)(/, ^)) |0. = (/, ^)|0.} 
= {(fc,t;)Gi^. K5^:(Ad^/)|t, =/|€j, 

because k* ■i' — v, (* -v — and Ad^ C G tjy for all fc e ii'iy, C G Ji/. In particular, 
^ • u G ker i/ if u G ker z^. In other words, G^t — K^^ ^sV , where 

K,^ = {fc G K, : (^, Adfc C) = (^, C), VC G «,}. (48) 

Suppose now that the group K^, is connected Jjet K,^ be its uiiiyersaJj;over- 
ing group with the covering homomorphism p„ : K,y ^ K^. Then G^ = K„ k^V 
is the universal covering group of Gj/, where the semi-direct product if deter- 
mined by the representation 5 — 6 o p^. Since the group Gi, is connected, the 
coadjoint orbit C^ C g* is the orbit 0'^{G^) ~ GuJGvt- But this orbit is also 
an orbit of G^, that is C^ ~ GvI{Gv)t- It is easy to verify using expressions 
similar to gH) and (gZl) that (G^)^ = {'i^v)^ x^ F, where (K^)^ =^f)-^{K^^). 

Now we will estabhsh bijections between the sets {Gv)\ and {K^^^, Gj,^ and 
KI^ using Rawnsley's formula [1, Eq.(2)]. Indeed, for any character ip G K^^ 
the function xik,v) — V'(fc) exp(27ri(i', u)) on the group Gj/i- = i^^^ k^ 1/ is a 
character because k* ■ v — v. By (P5)) this character x is a unique extension of 
if) such that X G G'^ut- Thus there is a bijection between Gj,^ and Kl^. Using 
similar arguments one establishes a bijection between {Gu)\ and [K^)'^^ because 
(G^)^ = {K^)^ K-^V. By Proposition [inland Theorem [Ml the orbit 0''{G^) is 
integral and the orbit 0'^{G) is not integral if and only if (G^)! ^ and Gj,^ = 
or, equivalently, (A'^)^ ^ and A"^^ = 0. Remark also that the coadjoint orbit 
C^ in t* passing through the point ip is isomorphic to the homogeneous spaces 
Ku/ K^ip and K,j/{K^)^ simultaneously. 

Example 29. Now we consider a connected and simply connected algebraic Lie 
group K = SU{i) and its representation 5 : SU{3) — > End(5/(3, C)), 6{k){v) = 
kvk*^, in the space V of all complex matrices of order three (considered as a 
real space). Here fc* denotes the transpose of a matrix k G SU{3). Using 
the nondegenerate 2-form (vi,t'2) = ReTrwiz;2 on V we identify the space V 
with dual V*. Under this identification the dual representation S* is given by 
6*{k){v) — k^vk. It is clear that for the covector v — E, where E is the identity 
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matrix, the isotropy group H = K^ is the group 5*0(3) — 5*0(3, C) fl 5{/(3). 
Its universal covering group H = K^ is isomorphic to SU{2). But as we showed 
above (see Example 1^51) there is an element ip e f)* ~ t* such that H^ = 
{K^)l ^ while H^, = Kl^ = 0. Thus, as we proved above, {G'^)\ ^ while 
G\j^ = 0, that is the condition of Proposition B71 is not sufficient. 

Remark 30. The Rawnsley's assertion [1, Corollary to Prop. 2] claims that an 
arbitrary coadjoint orbit C^ in the dual space g* of the semidirect product g is 
integral if and only if the coadjoint orbit C^ ~ K^/K^^ in t* is integral. From 
Example [25] it follows that in general this assertion is not true. The gap in 
the proof of this assertion T, Corollary to Prop. 2] consists in an illegal using of 
Kostant's theoremlMl f with the not necessary simply connected group H = K^). 
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